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Abstract
We construct non-trivial examples of compact C-manifolds by considering torus bundles over a Kähler manifold.
Then, we prove that the projection of the bundle is an energy minimizer map, i.e., the map attains an absolute
minimum of the energy functional in its homotopy class.
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1. Introduction
The theory of harmonic maps on Riemannian manifolds endowed with some structures has its origin
in a paper of Lichnerowicz [6], in which he considered holomorphic maps between Kähler manifolds.
A natural question arises what happens in a more general case, that is, for structure-preserving maps
between f -manifolds.
Some answers to this question were given in the last years. Rawnsley [8] studied this problem by
using twistor method. The interesting f -structures related to harmonic maps were given by Black [1]
on reductive homogeneous spaces. Ianus and Pastore [4,5] extended the results for harmonic maps on
almost Hermitian manifolds to those of contact metric manifolds.
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ones. The main purpose of this paper is to show that structure-preserving maps on some class of
f -manifolds (in our case C-manifolds) minimize the energy of maps. The f -structures have the
advantage of obtaining these results both in even and odd dimensions.
The principal tool used here is a smooth invariant defined on the space of smooth maps which was
initially used by Lichnerowicz in the complex case. The paper is organized as follows. In Section 2
we construct non-trivial examples of compact C-manifolds which are torus bundles over a Kähler
manifold. In Section 3 we define a Lichnerowicz-type real valued invariant K(Ψ ) for a map Ψ between
f -manifolds and prove that it is constant on each connected component of the space of smooth maps
on these manifolds, provided that the domain is compact and both fundamental 2-forms on these
manifolds satisfy certain closedness conditions. In Section 4 the results of previous sections are applied
for structure-preserving maps from a compact C-manifold to a Kähler manifold and used to show that
the map must attain an absolute minimum of the energy functional in its homotopy class. This yields
an interesting class of energy minimizer maps which are the projections of the bundles constructed in
Section 2.
2. C-manifolds
An f -structure on a smooth manifold M is, by definition, a non-vanishing tensor field f on M of
type (1,1) satisfying f 3 + f = 0 and which has constant rank 2k on M . An f -structure is said to have
complemented frames (respectively to be normal) if kerf is parallelizable (respectively parallelizable
and integrable). Let s = dim(kerf ). In what follows, we will agree on the following range of indices:
1 i, j  s. When M has an f -structure with complemented frames, there exist vector fields ξi with ηi
its dual 1-forms such that
f 2 = −I +
s∑
j=1
ηj ⊗ ξj , ηi(ξj ) = δij , f (ξj) = 0, ηj ◦ f = 0,
and a Riemannian metric g on M such that
(1)g(X,Y )= g(fX,fY )+
s∑
j=1
ηj (X)ηj(Y ), X,Y ∈ Γ (TM),
where Γ (TM) denotes the set of smooth vector fields on M . The family of tensors (f, ηj , ξj , g) is called
a metric f -structure on M . Let Ω denote the fundamental 2-form on M defined by Ω(X,Y ) = g(X,fY ),
for X,Y ∈ Γ (TM). A (2k + s)-dimensional metric f -manifold M is called a C-manifold if it is normal,
dΩ = 0, and dηi = 0 [2].
The product space of a Kähler manifold with an abelian Lie group is a C-manifold. In this section
we shall construct non-trivial examples of compact C-manifolds by using the suspension technique (see
also [7]). Let B be a real (2k)-dimensional compact, connected Kähler manifold with complex structure
J and Kähler metric h, and let π ′ : B˜ → B its universal covering. We get a Kähler structure (J˜ , h˜) on B˜
lifting those on B such that the projection π ′ is a local isometry with dπ ′ ◦ J˜ = J ◦ dπ ′.
Now let ρ :π1(B) → Diff(T s) be a representation of the fundamental group of B on the group of
diffeomorphisms of a real s-dimensional torus T s . Such representations exist if B is not simply connected
C. Gherghe, K. Kenmotsu / Differential Geometry and its Applications 21 (2004) 55–63 57as will be shown later in this section as Lemma 1. Let us consider the product space M˜ = B˜×T s of B˜ and
T s . A π1(B)-action ρ˜(r) on M˜ is defined by ρ˜(r)(x, y) = (r.x, ρ(r).y) for r ∈ π1(B), x ∈ B˜ and y ∈ T s ,
where r.x means the image of x by the deck transformation associated to r . We consider the quotient
space of M˜ by ρ˜ which is written as M = B˜ ×ρ˜ T s and obtain a torus bundle (M,p,B) over the Kähler
manifold B , in which the projection p :M → B is induced from the canonical projection p1 : M˜ → B˜ on
the first factor. We note that the total space is compact and the structure group is discrete.
In order to complete the construction of (M,p,B), we give a representation ρ :π1(B) → Diff(T s) in
the following
Lemma 1. Assume that B is not simply connected. Then there are non-trivial representations from π1(B)
into Diff(T s).
Proof. Since T s acts on it by multiplication, T s is seen as a subgroup of Diff(T s). To prove Lemma 1,
we find a homomorphism ρ :π1(B) → T s . For the first homology group H1(B,Z) of B with integer
coefficients it is well known that
H1(B,Z) = π1(B)/
[
π1(B),π1(B)
]= Zl ⊕ Tor,
where [π1(B),π1(B)] is the commutator subgroup of π1(B) and the last factor Tor is the torsion subgroup
of H1(B,Z). Since B is Kählerian and not simply connected, l is positive and even.
If we have a homomorphism ρ :π1(B) → T s , then ρ([π1(B),π1(B)]) consists of the identity of
Diff(T s), because T s is abelian. Hence ρ is factorized as ρ = ρˆ ◦ q, where ρˆ :H1(B,Z) → T s , and
q is the projection from π1(B) to π1(B)/[π1(B),π1(B)].
We now construct a homomorphism ρˆ :Zl ⊕ Tor → T s such that ρˆ(Tor) is the identity of Diff(T s).
Take (a1, . . . , as) ∈ Rs . Put µ1 :Z → T s by µ1(n) = (e2π
√−1na1, . . . , e2π
√−1nas ) for n ∈ Z. µ1 is a
homomorphism from Z into T s . We remark that if every ai is rational, then µ1 has a cyclic image in
T s and if every ai is irrational, then µ1 has a dense image in T s .
Now take l vectors of Rs and for each one, consider the homomorphism µ1,µ2, . . . ,µl as above.
Define ρˆ :Zl → T s by ρˆ(n1, . . . , nl) = µ1(n1) ◦ · · · ◦µl(nl) and extend it trivially as the homomorphism
from Zl ⊕ Tor into T s which is denoted by the same letter. Putting ρ = ρˆ ◦ q :π1(B) → T s , we get
a non-trivial representation of π1(B) into Diff(T s) as long as B is not simply connected. This proves
Lemma 1. 
Now we show that the total space M = B˜ ×ρ˜ T s admits a C-structure. Let Fi be linearly independent
left-invariant vector fields on the Lie group T s and θ i its dual 1-forms. On M˜ we define the metric
g˜ = p∗1 h˜+
∑s
i=1 p
∗
2(θ
i ⊗ θ i), where p2 denotes the canonical projection of M˜ = B˜ × T s onto its second
factor, the (1,1)-tensor field f˜ = J˜ ◦ dp1, the 1-forms η˜i = p∗2θ i and the vector fields ξ˜i = Fi .
Lemma 2. Under the notations above, the tensors f˜ , η˜i and g˜ are π1(B)-invariant.
Proof. We denote by dr the differential of the deck transformation induced by an element r ∈ π1(B).
Since the deck transformations are J˜ -holomorphic, we see that
ρ˜(r)∗f˜
(
X +
s∑
biFi
)
= J˜ (drX) = f˜
(
ρ˜(r)∗
(
X +
s∑
biFi
))
i=1 i=1
58 C. Gherghe, K. Kenmotsu / Differential Geometry and its Applications 21 (2004) 55–63for X ∈ Γ (T B˜) and smooth functions bi on M˜ , which proves the π1(B)-invariance of f˜ .
Since ρ(r) acts on T s by abelian group multiplication and the θ i are invariant, the 1-forms η˜i are
π1(B)-invariant. Since the deck transformations are isometries with respect to the metric h˜ on B˜ , we
obtain ρ˜(r)∗g˜ = g˜, which shows the π1(B)-invariance of the metric g˜. 
Letting π : M˜ → M be the quotient map by the action ρ˜, we now define the tensor field f of type (1,1)
on M by f (X) = dπ(f˜ (X˜)), where X ∈ Γ (TM) and X˜ is the vector field on B˜ such that dπ(X˜) = X.
It is well defined on M by Lemma 2.
Similarly we can define the 1-forms ηi on M by ηi(X) = η˜i(X˜) and the metric g by g(X,Y ) =
g˜(X˜, Y˜ ) where dπ(Y˜ ) = Y . Finally, the vector fields ξi are defined by ξi = dπ(ξ˜i). Summarizing these
considerations, we proved
Theorem 3. For any integer n ( 3), there exist compact n-dimensional C-manifolds which are not the
product spaces of Kähler manifolds with tori.
3. Lichnerowicz-type invariant on f -structures
Let M be a metric f -manifold with metric g and f -structure f . TMc denotes the complexification of
the tangent bundle TM of M . The complex-linear extension of f on TMc has eigenvalues ±√−1 and 0,
with corresponding eigenspaces
T ±M =
{
−1
2
f 2X ∓ 1
2
√−1fX,X ∈ TM
}
, T 0M = {X + f 2X,X ∈ TM}.
The complexification TMc splits into eigenbundles: TMc = T +M ⊕ T 0M ⊕ T −M, in which the
decomposition is orthogonal with respect to the Hermitian metric 〈X,Y 〉 = g0(X,Y ) (where g0 denotes
the C-bilinear extension on TMc of the given metric on M).
Now let N be another metric f -manifold with metric h and f -structure f ′, and Ψ :M → N a smooth
map from M to N . Then the decompositions of TMc and TNc induce the corresponding splitting of the
differential of Ψ , and hence we can define the following four maps:
d+Ψ :T +M → T +N,
d−Ψ :T −M → T +N,
d0Ψ :TMc → T 0N,
d+0 Ψ :T
0M → T +N.
Then we have, on T +M ,
(2)dΨ = d+Ψ + d0Ψ + d+Ψ ,
(3)f ′dΨ = √−1(d+Ψ − d+Ψ ).
The energy density e(Ψ ) of Ψ is defined by e(Ψ )(p) = ‖dΨp‖2/2 for p ∈ M , where ‖dΨp‖2 is the norm
of the differential dΨp ∈ T ∗pM ⊗ TΨ (p) at p ∈ M . We set
e+(Ψ ) = ‖d+Ψ ‖2, e−(Ψ ) = ‖d−Ψ ‖2, e0(Ψ ) = 1‖d0Ψ ‖2, e+0 (Ψ ) = ‖d+0 Ψ ‖22
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to give us precise information about how the differential dΨ of Ψ acts on each eigenspace.
Take now an f -adapted orthonormal frame on TM of the form
{e1, . . . , ek, f e1, . . . , f ek, ξ1, . . . , ξs}
and define an orthonormal frame (with respect to 〈 , 〉) for T +M by
Zα = 1√
2
(
eα −
√−1f eα
)
, α = 1 . . . k.
Put dΨ (eα) = Xα , dΨ (f eα) = Yα and dΨ (ξj ) = Wj . Then formulas (2) and (3) show
(4)1√
2
(
Xα − f ′Yα −
√−1(f ′Xα + Yα)
)= 2d+Ψ (Zα)+ d0Ψ (Zα).
Using the C-bilinear extension h0 of the metric h, formulas (2) and (4) are used to compute
e+(Ψ ) =
k∑
α=1
h0
(
d+Ψ (Zα), d+Ψ (Zα)
)
(5)= 1
2
k∑
α=1
{
1
2
{
h0(f
′Xα,f ′Xα) + h0(f ′Yα, f ′Yα)
}+ h0(f ′Xα,Yα)}.
Likewise,
(6)e−(Ψ ) = 1
2
k∑
α=1
{
1
2
{
h0(f
′Xα,f ′Xα) + h0(f ′Yα, f ′Yα)
}− h0(f ′Xα,Yα)},
e+0 (Ψ ) =
1
2
s∑
j=1
h0(f
′Wj,f ′Wj).
The formulas above and (1) imply
Proposition 4. Let M and N be metric f -manifolds and Ψ a smooth map from M to N . Then the energy
density e(Ψ ) of Ψ decomposes
e(Ψ ) = e+(Ψ )+ e−(Ψ ) + e0(Ψ )+ e+0 (Ψ ).
Now let Ω and ω be the fundamental 2-forms on the metric f -manifolds M and N respectively. We
show
Proposition 5. Let M and N be metric f -manifolds and Ψ a smooth map from M to N . Then it holds
that
e+(Ψ ) − e−(Ψ ) = g(Ψ ∗ω,Ω),
where the right-hand side above means the inner product of 2-forms on M induced by g.
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e+(Ψ ) − e−(Ψ ) =
k∑
α=1
h0
(
f ′dΨ (eα), dΨf (eα)
)= g(Ψ ∗ω,Ω). 
We recall here the homotopy lemma in [3]:
Lemma 6. Let Ψt :M → N be a smooth family of maps between smooth manifolds M and N
parametrized by the real number t , ω a closed two-form on N and δΨt/δt the variation field of Ψt .
Then
∂
∂t
(Ψ ∗t ω) = d
(
Ψ ∗t i
(
δΨt
δt
)
ω
)
,
where i(X) is the interior product with respect to a vector field X on N .
In the complex case Lichnerowicz defined a smooth invariant associated with a smooth map [6]. Let
ϑg denotes the volume measure on M associated to the metric g. Assuming M is compact, we can define
a similar one for manifolds with metric f -structures (see also [8]):
K(Ψ ) = E+(Ψ )− E−(Ψ ),
where E+(Ψ ) denotes the partial energy of Ψ defined by integrating e+(Ψ ) on M for ϑg . Likewise,
E−(Ψ ),E0(Ψ ), and E+0 (Ψ ) are also defined.
We are now able to prove the main result of this paper:
Theorem 7. Let Ψ : (M,f, g) → (N,f ′, h) be a smooth map between two metric f -manifolds. Suppose
that M is compact, ω closed and Ω coclosed. Then K(Ψ ) is a smooth invariant.
Proof. By Proposition 5 we have
K(Ψ ) =
∫
M
g(Ψ ∗ω,Ω)ϑg.
Let Ψt be a smooth variation of Ψ . Then, it follows from Lemma 6 that
d
dt
K(Ψt ) =
∫
M
g
(
∂
∂t
(Ψ ∗t ω),Ω
)
ϑg
=
∫
M
g
(
d
(
Ψ ∗t i
(
δΨt
δt
)
ω
)
,Ω
)
ϑg =
∫
M
g
(
Ψ ∗t i
(
δΨt
δt
)
ω, δΩ
)
ϑg = 0,
proving Theorem 7. 
4. Harmonic maps on C-manifolds
Let M and N be Riemannian manifolds with Riemannian metrics g and h respectively. Suppose that
M is compact. A smooth map Ψ :M → N is said to be harmonic if it is a critical point of the energy
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E(Ψ ) =
∫
M
e(Ψ )ϑg.
The Euler–Lagrange equation of this variational problem is Trg ∇′dΨ = 0 where ∇′ is the connection
on T M ⊗ Ψ −1TN induced by the Levi-Civita connection ∇M of M and the Ψ -pullback ∇˜ of ∇N . We
denote the left-hand side of the last equation by τ(Ψ ). This section of Ψ−1T N is called the tension field
of Ψ . For more information concerning harmonic maps see [3].
Let M and N be metric f -manifolds with f -structures f and f ′ respectively. A smooth map
Ψ :M → N is called to be (f, f ′)-holomorphic if its differential intertwines the f -structures: dΨ ◦ f =
f ′ ◦ dΨ. This is equivalent to the conditions: dΨ (T ±M) ⊂ T ±N and dΨ (T 0M) ⊂ T 0N . We know [5]
that the tension field τ(Ψ ) of an (f, f ′)-holomorphic map Ψ satisfies the equation
f ′
(
τ(Ψ )
)= dΨ (divf )− Trg β,
where β(X,Y ) = (∇˜Xf ′) dΨ Y for X,Y ∈ Γ (TM). If M is a C-manifold, then divf = 0, and N being
Kählerian implies β = 0. Hence any (f, f ′)-holomorphic map from a C-manifold to a Kähler manifold
is harmonic. A natural question to ask is whether such a map is also an absolute minimum of its energy
functional or not. With the invariant K(Ψ ) on hand, we are able to answer the question as follows:
Theorem 8. Let (M,f, g) be a compact C-manifold and (N,J,h) a Kähler manifold. Then any (f, J )-
holomorphic map Ψ from M to N attains an absolute minimum of the energy functional in its homotopy
class.
Proof. Let Ψ˜ :M → N be a smooth map and assume that it is homotopic to Ψ . By Theorem 7,
K(Ψ ) = K(Ψ˜ ). Since Ψ is (f, J )-holomorphic, the partial energies E−(Ψ ),E0(Ψ ) and E+0 (Ψ ) of Ψ
vanish and so Proposition 4 implies:
E(Ψ ) = E+(Ψ ) −E−(Ψ ) = E+(Ψ˜ ) −E−(Ψ˜ )E+(Ψ˜ ) +E0(Ψ˜ )+ E−(Ψ˜ ) +E+0 (Ψ˜ ),
proving that Ψ attains an absolute minimum of E in its homotopy class. 
In Section 2 we constructed the torus bundle p :M → B over a Kähler manifold (B,J,h) such that
the total space is a compact (2k + s)-dimensional C-manifold (M,f, g). We claim that the projection
p is (f, J )-holomorphic. In fact, take X ∈ Γ (TM) and X˜ ∈ Γ (T M˜) such that dπ(X˜) = X. With the
notations of Section 2, we compute
dp
(
f (X)
)= dp(dπf˜ (X˜))= dπ ′ ◦ dp1(f˜ (X˜))
= dπ ′ ◦ dp1
(
J˜
(
dp1(X˜)
))= dπ ′(J˜ (dp1(X˜)))= J (dπ ′(dp1(X˜)))
= J (dp(dπ(X˜)))= J (dp(X)).
By Theorem 8 the projection p attains an absolute minimum of the energy functional in its homotopy
class. Thus the construction given in Section 2 provides us not only with compact C-manifolds but
also with non-trivial harmonic maps from compact C-manifolds to Kähler manifolds which are energy
minimizers.
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We can also prove that there are no non-constant (f, J )- and anti-(f, J )-holomorphic maps in the
same homotopy class:
Corollary 9. Let Ψ0 and Ψ1 be (f, J )- and anti-(f, J )-holomorphic maps from a compact C-manifold
into a Kähler manifold respectively. If they are homotopic to each other, then both are constant.
Proof. It follows from the assumptions that E(Ψ0) = E+(Ψ0) and E(Ψ1) = E−(Ψ1). This together with
Theorem 7 implies
0E(Ψ0) = E+(Ψ0) = E+(Ψ0)− E−(Ψ0) = E+(Ψ1) −E−(Ψ1) = −E−(Ψ1) 0,
which shows that Ψ0 and Ψ1 are constant. 
After the conclusion of Theorem 8, a good question to ask is if the converse is true, that is, when
a harmonic map from a C-manifold into a Kähler manifold is (f, J )-holomorphic. We can prove the
following
Theorem 10. Let (M,f, g) be a compact C-manifold, (N,J,h) Kählerian and Ψ :M → N a harmonic
map minimizing the energy functional E in its homotopy class. If Ψ is homotopic to an (f, J )-
holomorphic map, then it is also (f, J )-holomorphic.
Proof. Let Ψ˜ be an (f, J )-holomorphic map such that it is homotopic to Ψ . By Theorem 8, we have
E(Ψ ) = E(Ψ˜ ) and Theorem 7 shows E+(Ψ ) − E−(Ψ ) = E+(Ψ˜ ) − E−(Ψ˜ ). As N is Kählerian and
Ψ˜ is (f, J )-holomorphic we recall that E−(Ψ˜ ) = E0(Ψ ) = E0(Ψ˜ ) = E+0 (Ψ˜ ) = 0, proving E−(Ψ ) =
E+0 (Ψ ) = 0. On the other hand, by using formulas (5) and (6), we have
e−(Ψ ) = 1
4
k∑
α=1
h
(
J dΨ (eα)− dΨ (f eα), J dΨ (eα) − dΨ (f eα)
)
and
e+0 (Ψ ) =
1
2
s∑
j=1
h
(
dΨ (ξj ), dΨ (ξj )
)
.
Hence we obtain the formula dΨ (fX) = J dΨ (X) for any vector field X on M , proving that Ψ is
(f, J )-holomorphic. 
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